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1/~~ ~~~~Consider the boundary value problem cy ” = C&7 - V)y’, -1 t < 0,
1• ~~~

-

y(—l) — A, y(O) — B. We discuss the multiplicity of solutions and their

liaiting behavior as 
~~3 0+ for certain choices of A and B. In

L. c~~~~’~~ o~ c lA ~ c
particular , when A = 1, B = 0 a bifurcation analysis gives -a detailed

and fairly complete analysis. The interest here arises from the

complexity of the set of~4urning ~oints .~~~~~~~~~~~

MS (lIDS) Subject Classifications: 34Bl5, 34E15

Key Words: Ordinary differential equations, Singular perturbations,
Turning points, Bifurcation theory, Multiplicity of solutions,
Computational results

Work Unit Number 1 (Applied Analysis)

*Will also appear as Mathematics Research Center Technical Summary #191t7
t (1)Present address: Department of Computer Science, Rochester University,

Rochester, NY ‘4627.

~
2
~University of Wisconsin-Madison, 11adison, WI 53706. 

-

Alamos Scientific Laboratory, P.O. Box 1663, Los Alamos, NM 87545.

Sponsored by the United States Army under Contract No. DMG29—75-C-0024; by
the Los Alamos Scientific L~boratqry under Contract No. W—7405-ENG-36~ and bytho Office of Naval Research under Contract No. N00014-76—C—0341.



— — — 
~~~~~ ~~~~~~~~~~~ 

•
~

••

~

•

~~ ~~~~~~~~~~~~~- -

________ - — --~~
.

I

THE BOUfl’IONS 0? A )IDDEL NONLINEAR SINGULAR PERTURBATION PROBLEM

HAVING A CONTINUOUS LOCUS OF SINGULAR POINTS

Gershon IC.deII
(1) , S.y~ our v. parter

(2)  and Michael &teue ,,ait~~~

I . int .r cxluct  to~

Consider the noni i n,~1r bouiidary v,~ uc .robl “a

1.1) cy ” ( t )  (y 2 
— t

2)y ’ (t) , — 1 < t -C 0

1.2)  y(-l) A , y(O) 14

with c > 0. It is not difficult to prove that thcre exists at iceat one solution.

y (t , c ) .  Moreover , i f y (t ,c) is a so)ution and A # B , then Iy ’(t , c ) I ) 0.

The questions of in terest are

(i) for c > 0, how many solutions arc thcrc?

(ii) what arc the “limit solutions ,” i.e. functions Y (t) such that there are sequences

c -‘ 0+ and solutions y(t,c ) so that

y ( t ,c ) -‘ Y(t), in some sens ’ .

Again, it is well known that any such limit solution mu~.t satisfy the reduced

quatio’n.

1 . 3 )  (Y 2 ( t ) — t2)Y’ (t) 0 a c .

in 3) F. tiowes and S. V. Partcr ~Ludicd the case Y(t) conntant. consider the

cfta.

1 . 4 )  O < B < A < l  .

Then , the only possible constant l i m i t  f unc t ions  are (see t 3 ) )

1.5) Y(t) I A, Y ( t )  1 8, Y ( t )

Viii also appear as Mathematics Researc h Center Technical Summary #l9~i1.

~~~Present acitiress: heparteent cC Computer Science , 1~oe%~e’~t er  University,
Rot h.~ct. ’r , NY 14ft27. 2

~
‘
~Unive r s i ty  of Wisc-ongin-4Iiidi ~;on , Hadison , WI 53 70~~.

~
3
~Loe Al mn•i Scic-ni.i fir t nborat:ory, L’.O, I1,,x ~~~~ t on  A~ amos , NM 87 !$4S.

RponnoLed by (ii. ’ Li nt li d St ilt’ s ~~i niv ui,~t t - i  t ’
~ n t  • i ~ N o . ~~~~~~~~~~~~~~~~~~~ hy th i ’ l.on

S~ r u t  f t  L l~~ b~’i . i t  otv un.t~-t t.ont I N’. N’ /IU’ —I~T J~~- .~~~‘ : and h’ I lit ’ (1! ( i cc’  flf
Naval ki ’nt’arch under (‘n u t  t .uct kt ’ . NOOtI I 4 — 7 t . — C— c ’i 11



~~
w__

~~~~~~~~~~~ ~~~~~--= -

In fact. computational results of rrancc s Sutton ( 10) 1*ply that all thtou constant

limi t functions occur if possible , i.e. if

These co.çutaeioj~, of Sutton pr ompted G. Icedem (4 ,5) to app ly •-poate* jorj estimate, to
th is problem. He took the special case

c • 1 • .001 , A — .96

a~~ proved the existence of at l•ast thre. distinct solutions.
In this paper vs continu, to study these questions of multiplicity of solutions

(tsr a ~ 0) and limi t solution. . In Section 2 we discus, some general facts about
the olutions of this problem. In particular we discuss the occurrenc, of maximal and
,i.4.1~1 solutions in the cas, where A ~ I.

In Section 3 we extend the results of (4 ,Sj as follo~ii if ~ • .001, A • .96
aM 0 ( $..j~j . then ther. exist at least three solutions of equations (1.1), (1.2).
Is fact, ther, is a maximal solution YN(t ,c) and a minimal solution y

5(t ,a) stich

~~~ts if y(t c) is any solution , then

1.6) y5(t ,t) y(t,~ ) ‘ y5(t.c)

~~reover.

h a  y5(t , )  — A , c + 0

him y
5(t,c) — B , C ~ 0

Pinaihly, ther, is a function Y (t). not equal to A or 1, -and there 1$ a sequence
o Io~utioni y(t ,c5

) such that

y(t , c5
) • Y(t) as c • 0 .

In Section 4 we consider the Special case A • 1, B • 0. Zn this case th. function
1.7) y0(t ,c) — — t

is a solution for all t > 0. Thus we may apply results from bifurcation theory. Zn
particular, we may apply a theorem of Paul Rab inowita (7) to conclude that e if C Is
small enough there arc at least two distinct solut a .~s uj(t.C). v~(t,e) which cross

,.
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y0(t ,c) exactly j times in the interior i — l ‘ t 0. A furth er analys is of the
hi~ it behavior of these solutions thon prov ides infinitely many step function limit

fuaction a .

Zn Section 5 we extend the analysis of Section 4 to the case 0 A * 1, B • 0.
p 

We obtain necessary and sufficient conditions for the existence of solutions with
prescribed behavior near t — — l hav ing exactly J crossings of y

0
(t). The limit

behavior as c • 0+ is diScussed . Once more, the limit functions are step functions. $
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2 Maximal and Minimal Solutions

In this section we are concerned with the existenc, of maximal and minima l solu-
tions Y~ (t,c), y5(t ,c) described by (1.6). Lot £ > 0 be fixed and let

2.1) U ! (v( t )  I Cj—l ,03 , isin (A,B) y(t) ‘max (A.B))

~~nsid.r th. mapping ~ which i~ defined by

2.2a) ((‘Iv) ’ • (v 2 — t’)(Ty)t

2.~~ ) (Tv) (— 1) — A , (Tv) (0) — B .

Then , the max imum principl, shows that T(U) C u. Moreover , for any i (—1 ,0)

(Tv) ’  (t) — (Tv) ‘ ~~~~~~ (V2 (a) — s2 )ds)

Since

2.3a) ain I (Tv) ’(s) I .~ k —

2.3b) v~
(s) — 

~~~~ 
C max(1A 1 2,j 5 12) + 1

mu have

2.4) j(Tv)’(t)~ ~A - BI.xp{max ( tA1 . IR I J + 
1)

Thus, T is a compact mapping of U into itself. By the Schauder Fixed Point Theorem
(3)  there is at least one solution y(t,~ ).

Moreover, we sake th. fol lowing observations.

I~~~~ 2 . h c  Let A ) B ~ 0. Let v0 s U. Suppose that

2.Sa) ‘Pv
0
(t) ( v0

(t)

Let v~(t). j — 1,2,... be defined by

2.Sb) Vj(t) — Tv~_1, j  • 1,2 

2.Sc) V
j~1

(t) ~~v~ (t). - 1,2 

Similarly, if

2.Sa) Tv
0

(t) ) v
0
(t)

and ,~(t) is defined by (2.Sb) , then

2.Sb) Vj~1
(t) ~ v~ (t) .

— 4— 

--
- _s___ —- - —

___ -



_ _ _

____ —‘-‘—- -—- — -——-~.---- --—-‘- -.*—- -

Proof s Ws consider only th~s first case . We observe that v (t) < 0 for j — ‘1,2 .

mupposo that

0 ~~ vj
(t) ~ . v~_ 1(t) .

Then
2 2 ,— (V
j  

— t )v~~1 ~

• 2 2 ,— (v~_1 — t )v~

Hence

2.7) ‘
~
‘
~+~ 

— Vj )’ — (v~ — t2)(v~~1 
— v

i
) ’  + (v~ —

Since the second term on the right hand side of (2.7) i. positive , the maximum principle

asserts that

- v~ ~ 0

~~~s, the l.a is proven.

L~~~ 2.2: Let A ~ B > 0. Let V
0 
I U and suppose that (2.Sa) holds. Let y — y(t ,c)

be a solution and suppose t h t

2.5) y(t,c) v
0
(t)

Then

3.5) y (t.c) ( v ~(t). j • 1,2 

Proofs Assume that

y(t,C) C v~_1(t) .

Then

— ((v~~1
)2 — t2~v;

- 

- 
Cy~ — (y 2 — t2)y ’ .

t(V
j 

— Y) ’ • (v
~~~ 

- t 2) ( v ~ - ~)‘ + (v~~1 - Y
2
)Y ’

~ sce sor. the maximum principle implies that

v~~- y~~~0 .

—5— 
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~~~orcs 2.1: Lot A ) a 0. Thor, exioti ~i solution Y~ (t~ t )  which satisfies
2.lOa) y(t ,c) yx

(t ,c)

for every solution y(t ,c). Moreover , there is a solution y
5(t,c) which satisfies

3.lOb) y5(t ,c) y(t,c)

for any solution y(t ,c).

~~~srkz Of course , it may happen that

y - y
a N

Proofs Let

v0
(t) ~~A .

Thus,

v1(t) < v 0 (t) .

Thum

~~ 
~ 

~~~~ v~, j  — 0,1,2,...

and the function. v~-(t) converge to a function YM (t , c ) .  Since the •stimat. (2.4)
holds vs aiso have

Iv; t) I ~~~~A2
1A - 8I .~~~{A +

~~~e. th. first derivatives also converge. Finally, th. differential equation implies

that the second derivatives also converge. Thus , ~~ (t~ c) is a solution of (1.1) ,  ( 1.2) .
The estima te (2.l0a) follows from Leusa 2.2.

The proof of the existenc, of y5(t,c) follows in the same way.

-6-
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3. The Casn A — .96, 8 — .001

In (4,53 C. 1(edem considered the special problem (1.1), ( 1.2) when

3.1) A — .96, B — .001, c —

applying his theory (based on the Kantorovich Theorem and rigorous a-posteriori error

bounds) he was able to prove that there are at least three solutions

(t , c y
11 

(t , j~ ) ‘ y1 (t , j~ -) — see Figure 1. Furthermore these solutions satisfy

3.2a) Iy~(—1,j~~)I < A  — B — .959

3•~~ ) IY~(0~j~ ) I  — max~Y~(t~ j~.)l > 1

3.3a) IY~11(l.j~ )I maxIY~11(t .j ~~) I  > 1

3.3b) IY~11(O. j~- ) I  < A — B — .959

Moreover, y ( t ,j ~- ) ,  y
11

(t , -~~~) have exactly one zero, where y
1 and y

111 
cross y0.

1 . _ I  
t

XI

III

—1 0

Figure 1

—7—

— ~—~~~~~~~~~~~~~ ‘-~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~ ~~~~~~



~1

The purpose of this section is to prove the following result.

Theorem i .1 : Let A • .96, B — .001 and let 0 ‘ C C Then, there are at least

thre, solutions y
1
(t,c) , y

11
(t,c) , y

111
( t , c)  of (1 .1) ,  (1.2) . Furthermore

3.4.) Y1(t .j ~~) C y1 (t,c) • A as c • 0+ ,
3.4b) y111(t , ~~~ ~. 

y111 (t .c) • B as c • 0+
In fact, if 0<  < then

3.5) B y111(t,c
1
) ( y11~~(t ,

2
) y1(t,c 2

) c y
1(t,c1

) ~ A

Th. proof follows from the following arg ument.

Let v0 (t) — y1(t ,j ~j ) .  Then using th. properties of Y1(t . -j~j ) .  e.g. (3.2.) ,

(3.3b) , we use that

3.Sa) ?v
0 v

1
> v

0
.

Ibas , applying Leusa 2 • 1 we obtain a sequence v~ (t) that increases to a solution

y1(t,c) having the same derivative properties. Similarly, if we set v
0
(t) — Y111

(t .j ~~)

vs find that

3.~b) rv
0 v1 v

0

and a similar argument gives us y
111(t,e) with th. same properties. Finally, a simple

‘deqree argument’ gives the existence of y
11

(t , ) .

Hence, let v0 (t) — Y1(t .j ~- )  and 1st us construct v
1
(t) — TV0. Let

3.7) 5— ~~ — 15(1 + d), 4 > 0 .

• 15(1 + 6)(v~ — t2)v~ 
—

i~ .t1e

3.~~) v — 15(v - t2)v~ •

v’ v’
3.Sa)

1 0

—a-

.-4- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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Thet is

3.9b) lV~(t) l — CIv~ (t) l
’6

To evaluat e the constant C ‘,C(6) we inte9rate (3.9a) and obtain (using tho boundary

conditions (3.)))

3.1~~ ) A - B - J lvi (t )  ldt - C(6) f lv~(t) $~~~
6dt

3.l0b) C(6) — 
0 

(A - 8) 
-

— l 
Iv~ (t ) I~~

6
dt

Louse 3.1: Th. following inequalities hold .

3.lla) c(4 ) Iv~(o) l4 
1

3.lib) C(4) lv~(-P 1 6 1
Proofs Using (3.2b ) we have

0 0
I f fv ~~( t ) J ~~~~dt f lv~(t)tdt

A - B  A - B  lv~(0)I
4 .

Ibas, (3.lla) follows from the boundary conditions which imply that

0A — H — / Jv~ (t)Jdt .
—l

Prom H~1der ’. inequality we have

r ° ~1+6 0
(A — B)1~

4 
— [ J J v~ (s)Jdsj / jv~

(s)I1~
6d$

—l — l

Thus, using (3.2a ) we have

(,
~,
(_)) ,

6 
< (A - 8) 6 ~

Which proves (3.llb) .

In order to prove (3.6a) we consider the function

3.12a) 1 (t) — v0 (t) - v1(t)

Using (3.9b) we have

-9-

- - -I~~~~~~~~~~~~~~ T --—---—-~~~ --- ~~~~~~~~~~~~~~
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3.l2b) F(t )  - I,
0

(t) - A s  C(6) 

~ 
lv~(s) 

1+645

H. wish to show that 1(t) < C. We have

3.13) r(—l) • 1(0) — 0

Moreover

— v((t) + C(6)~v~ (t )~
1
~
6 

— lv~(t) I fC(6) lv~(t) l6 
— 13

Thus , (3.11.) and (3 .llb) imply that

F ’(— l)  < 0, F ’ ( O )  > 0

Hence, if 1(t0) > 0 for some to e (— 1,0) , then F’(t) would have at least three

zeros. If P ’(t )  — 0, then

3.14) lv~
(t) t - K(6) -

~~~.vsr , if (3. 14) has at least three solutions, then Rolle ’s theorem implies that

v (t) has at least two zeros. But, v (t) — y (t,~~~ ) has exftctly one zero . Thus ,

we hav, proven (3•2 a ) . By the argument sketched earlier , we have obtained y 1(t , c) .  More-

over , (y~ (—l ,c )~ < A — B , lY~ (O .c ) l — m a x f y ’ (t. e ) ! > 1  and y ( t ,c) has exactly one zero.

In a similar way we obtain y
111 (t,c).

In order to prove the existence of a third solution we follow the argument in (1), (9) .

or (6). Roughly speaking, l.t.

0 {y(t) e C(-l,03 , B y -‘ A)
Ui I (y(t) I c (—1,0j , y

1
(t, j~-) y ! A)

02 1 (y(t) I C (—1,Oh B < y  v111
(t.j~j))

0
3 
1 Q\(Ui U

Then

T $ P . O

T s 
~

i 0~ ~

-10-
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and , in each case , T maps the boundary into the interior. Thus, if d(T,0) denotes

the degree of T relative to the region P we have (coo 11,81 )

• d ( T ,0
1

) — d(T ,0
2

) — 1 .

Since the degree is additive ,

d(T ,03) a —l

and there is a solution y11(t~ c) I 03~
In fact, the work of Amanfl (1) and Steuerwalt (9) shows that

$ y1(t, j~-) .  y11
(t ,e) / y~~1(t, j~-) .

These inequalities imply that any limit function Y(t) of y11(t,c) is truly distinct

from Y ( t ) I A  or Y(t)!B.

Thus , we have proven Th.orem 3.1.

—1 1—

______________ 
_____ ______ 

_________________________ 

•-

.1 
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4. A l , B .0

Turning to the special caso where A 1, B — 0 we see that

y
0
(t,c) — —t

is a solution of (1.1), (1.2) for all c. Let

z(t,e) — y(t,c) + t :

then if y (t,c) satisfies (1.1) , ( 1.2) the functic.;, s(t,c) satisfies

4.1) as’ — a(* — 2t)s’ + 2(5 — 2t) — 0, —l C t 0

4.2) s(—l.c) — z(0 ,c) — 0

Moreover, z0(t,c) ! 0 is a solution for all c. In this situation it is natural to

apply a bifurcation analysis. Linearizing (4.1), (4.2) about the solution z0
(t,~ ) I 0

vs have the linear eigenvalu. problem

4.3) •“ + l~t~~ — 0, —l C t 0

4.4) • (— l) — ~ (0) — 0

Where

4.5) 1.!
C

The sigenvalues and eigenfunctions of this problem are easily obtained. In fact,

let (j~ ~~~ be th. positive zeros of the Bessel function .1 (x) , ordered so that
k—i 1/3

~k,1/3 
< 

~k+1,l/ 3

Let

- 

:~~~ 

~~~~~~ 

~~~

‘

4.6b) 1
k — 3 

— 
I ~ k.l/3~

Then the )i.~~, k • 1, 2 , . . .  ar. the •igenvalues of (4 .3) ,  (4.4 ) while the corresponding

•ig.nfunctions are given by

1 3
(~ k It fl r (Iuktfl 2

4.6c) k (t) — 

~ 3 ~ ~l/3~~ ~. 3 J
see Ill, page 163 .

—1 2—
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The exact v~ 1uez of and •k
(t)  aro not of major importance hero. The

important fact is the following :

Theorem 4.1$ Let 0 < < • Then there are at least 2k + 1 solutions of the non-

linear problem (4 . 1) ,  (4.2). Moreover, a special sat of 2k + 1 solutions may be

described in the following manner. Of course, we have the trivia l solution ,

4.7a) Z
0
(t,~ ) 1 0

— 

Then th.re are 2k solutions (Z (t.~ )),(Z (t,c)) , j — l,2,...,k which satisfy

4.7b) ~~ * (—l ,e) > 0, ~~ z;
(_l.c) 0

and B~(t,c) has exactly j interior nodal zeros. Moreover, Z ( t,c) and Z
;
(t.c)

hays the same zeros, say

Proof: From the results of P. Rabinowitz ( 7  3 we find that there are two unbounded

continua , c ,  C , in (Z,A ) space which meet at (O~A~ ) and have no other points in

couson with the (0,A) line. Bach point on these continua represents a solution of

(4.1), (4.2) with exactly j interior zeros and the appropriate sign of Z’(l). Since

the solutions Z(t) of (4.1) , (4.2) are bounded (via the maximum principle applied to

(1.1), (1.2)) we see that these continua are bounded in z-space and hence unbounded in A .

Thus, we have established the existence of Z~ (t,c) with interior nodal zeros t~ .

However , if y (t c) is a solution of (1.1), ( 1.2) then y ’(t ,c) < 0. Thus we may

consider its inverse function 9(y) defined by

q (y(t,C)) — t

Finally, let

O(y) — —9(y)

— A direct calculation now shows that: if y(t ,c) is a solution of (1.1), (1.2) (with

A — 1, B — 0) then so is G(t ,c)  — 0(t). Thus, for every Z~ (t , c)  there is a

vith the same nodal zero s : and a are reflections of each other about

Consider the following situation. Let j be fixed and let • 0+ and (without

loss of generality)

0 ’ C  ~~~~~~~~~k

—13—

- - 
~~~~~~ 
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I~ t (s~(t,c~)) be * sequence of solutions of (4.1), (4.2) . Let

4.8) _1 < t~ (i~) < t3(c~
) ... t~(c~) 0

be the zeros of Z
~
(t,c

k). Let

4..) Yj (t .t k ) • z~ (t~c~ ) — t

be the corresponding solution. of (1.1), (1.2) . Using the monoto nicity of Y~
(t , C k

)

and Holly ’s theorem (13] we know that we may choose subsequences tk’ 
- which we now

call - so that

4.lOa ) to lak
) • t0, a —

4.lOb) y
~

(t ,Ck ) • Y~ (t), as Ck ~

Our- first goal is to show that Yt(t) cannot coincide with the straight line

y — —t on any interval (a ,B ) . The exact form of our results is a strengthening of

the observations of 3].

~~~~ 4.1: Let —1 C C 0. Let A0 be th. smallest eigenvaluo of the problem

4.lla) ,~‘+ A ~tfr — 0,

4.ilb) •(u) — ~ (~) • 0

Lot •(t) — ~ (t~e,Ø) be the corresponding eigenfunction normalized so that

4.llc) max ~ (t, u ,~ ) - 1

~çpo.e that -

4.12b) 
~
‘0 — _________

Let y(t , a) be a solution of (1.1) on the interva l (a ,~~) which satisfies

4.13a) y (t,c) + t > 0, n t ~ ,

4.13),) y(o,s) + a • y ( B , e )  + ~ — 0

Then

4.14) y(t,c) r0~
(t,a,Ø) - t, a C t ~

1
—14—
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Proofs Suppose the lemma is false. Thon thuro is a function y(t,C) which satisfies

the difforo ntj al equation (1. 1) and also satisfies (4.l3a ) , (4.l3b) but !!2~ 
(4.14).

Nevertheless, there is a y , 0 ‘C y0. such that

- - v(t) • 
~~(t,a,B) — t c y(t,c)

and w(t) “just touches’ y (t,c) . That is, either w ’(—l) — y’(—l,c), or-

v’(0) • y ’(O,c) , or there i. an interior point t0 1 (—1,0) such that
I

wit0) — y(t 0 ,c)

However , we will show that

4.15.) v1 • Tw ~~~v, o t $

and

4.lSb) v~(—l) ) w ’( — l)

4.lsc) v~(0) < w ’(O)

Which , together with L~~~a 2 • 2, contradicts the choice of y as ‘just touching .’ To

verify these facts we observe that

iv’ — 
~~‘ 
. -

0

V2 _ t 2 I . y 2
~

2 _ 3 ~~ t

Thus

4.16a) cv’ — (v2 - t2)w’ + ~
where

I — w (—a 
~~~

- Jt~ — (2 1t 1 + w) (~v ’ — 1)3
0

By (4.l2a), (4.l2b) and the choice of I ‘C we see that B(t) ~ 0 for a ‘C t (

Then, by the maximum principle we have (4.15a) , (4.15b) and (4.1k).

He srk s The function ~~~~~~~~ the eigenvalue A
0, and the value are all

continuous functions of the pair a , 0.

— 15—
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Lc-~~ 4.2:  Let t0 — -1 and tk.l — 0. Suppose (4 . lOa) ,  (4•lOb) hold. Let a be

f ixed, 0 ~~ 0 C k , and suppose tha t

4.l7a) 
Y
j

(t
~~

C
k

) + t ~ 0, t0 (r~) ‘C t ‘C

We suppose that (4.lOa), (4.lob) hold. Then

4.17b) Y~ (tJ I -
~~~~, t C ‘C

Similarly, if

y
~

(t ,ck ) + t ‘C o, t0 (c~) ‘C t ‘C t4~~~(t~ )

4.leb) Y~ (t) I t0~1 ~~ 
< t 

-~~ tØf1

Proof: Consider- the case when (4.17a) holds. If there is nothing to prove .
Suppose then that

~a+1 - — L ~ 0

As we remarked above, c0, #(t ,a ,0) and are continuous functions of (0 .0) . Hence
for 

~~ 
sufficiently small we have

4.19a) 1.5 
‘C 4 c~ Cc~)

4.19b) 4 Y 0(t0,~0~1) < Y o (t O (c.
~~

,t
~+l 1ck~~

and

4.19c) w (t,c
k
) a 4 V O~

(tI ta (tk ) .t g+l (e k))  — t ’ C y
~
(t,c

k
)

Let

ta+l (ck
)

4.20) y~(t,ç~) + t0 (c.~) — v(t).xpf- -~~ J (v2(s ,c
k
) — s2)ds}

Then, the function v(t) satisfies

2 2 2 2 (2 — t 2) 2 24.21 .) cv — ( 2(w — t ) + (y — t ) )v ’ - 
W 

ty — w )v — 0

4.21b) v(tQ (ck) )  — 0

4.21c) v(tQ+l(Ck)) • ta (C k) — to+l (ck )

—16—
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Thus, the maximum principle implies that

I I,v(t)I < 1 F

and

IY ± (t ,ck ) + td (ck
) I C exp(- ~ 1

ta+l(~k
) 

~~~
1
~’~k

3 - s2j ds) .

Thus, since w(s,c
5) is continuous in (t

a(ck), td+l (c.K ) )  we obtain (4.17b) .

A similar argument disposes of the case when (4.18a) is satisfied.

Thus, we see thatwhen the are distinct Y (t) is a step function with jumps

at for odd values of a. If a is even, then

+Y~(t) I —ti , t~~1 ‘C t ‘C to+_L

Similarly, in the case of (t), if the t0 are distinct we see that Ct) is a

step function with jump s at t0 for even values of 0, and if 0 is odd , then

Y
;
(t) I —t

1
~, t

0_1 ~ t ‘C t~~ 1

We now turn our attention to th. determination of the values of
- _ Consider the following situation. Let a be fixed and consider the adjacent

intervals (ta_is t0), it0, t0j ).

Ouae ls y
~
(t,c

k
)+ t > 0 , ta_l < t < t

o
,

and 

*Yj(t.Ck) + t ‘C 0, t ‘C t ‘C ~~~~~~ (see Fig 2)

4.22.) I~J ~4(ta_ 1.ek ) ‘C ‘

4.22b) I~j Y~
(t c41~Ck ) I  ‘C 1

T.. 
~~~~~~~~~~~~~ ~~~~~

—
~~~~

--- 
— 

__
~_ :—_—---—---=

~~~

-____

~~

___

~~
‘_

~
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Y(t)

y(t ,c)

t(~_1 t0 to,+l

Figure 2

Integrating (1.1) we have (y — y
~
(t.ck

))

3 to41 t0•~ t
1kt Y (t

~4i.
ik
) — 

~~
•Y (tG_l .tk)} — 

~~ 

— t2y (t) + 2 J ty(t)dt

ta+i
+ 2 1 ty(t)dt

to

Let • 04-. Applying Lemma 4.2 we find that

~~~ —~~~~~ 
2~~ *4.23) a—i 0+1 

— t0 (t0_ 1 — t0~1
)

If t~_1 * we have

4.24) — 4 ~~ 
+ L~ l€o+l +

Ou the other hand , if — 
~~~~~~ 

then (4.24) holds also. Hence , (4.24) holds in

th. limit as • 0 when starting from a triple td..l(ck)D tq(Ck
)
~ 

t0,,1
(e.5
) as in

Case 1 above.

csse 2z y~(t,c~) + t ’ C O, t01 ’ C t ’ Ct0 ,

y
~
(t,ck) + t > 0, t~ ‘C t ‘C t~~1 

. (see Fig. 3)

It is not difficult to show that (with y(t,s) •

4.25.) IY ’(t .l,ek) I !~~~
-

4.25b) IY ’(t a+l .ek ) I  I~~

—18-
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1(t)

y(t ,c)

to_ i to ta+l

Figure 3

In this case we d ivide by y ’(t,s) and obtain

t
2 2— tn Iy ’t C_l ,ck U • J (y — t )dt

ta-_i

Applying L~~~a 4.2 we have
a • l~~~3 *3

— t0~1
) — 

~~ 
(t 0~1 — ta_ i)

and once more (4.24) holds. Ne summar -ize our results in
L~~a 4 . 3 :  If the values ta (ck), a — 1,2 , . . . ,j  tend to limits as • 0 then
these limit values satisfy the quadratic equations

a 4 (
~~

_
~ 

+ £0_ 1~~~~1 
+ 

~~~~~~~~ 
0 —

4.26)

t o — — i .  ~j +l
_ 0 .

Finally, we show that (4.26) has one and only one solution ,

~~~~~~~~~~~~~~~~ t~~’ C O .

L a  4.4:  The system (4.26) has one and only one solution 1 (-1,03 . Nor-sower,

4.27) 
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

Prvof s Consider the mapping £~ — F0(?0,T1,...,’r~~1) given by

, 2  1 2  2£ — 3 ~~q—l 
+ + ~~~~~ 0~~ ~~~~~~~~

I a

-19— 

~~~~~~~ I ~~~~~~~~~~~~ ~~~~~~~



- 
-
~ 

-
~ 

-
~~ 

,p.~~ .-.~~~~~- 
‘~~~~~~~ ~~~~‘F, - -

~
,---.—- 

Wher e a — —~~ • — — 0. This napping tak es the cube , -1 ‘C < 0 into

itself and is obviously continuous. Thus thero is a ‘fixed point’ which is a solution

of (4.26).

Let (t0
}, a a ~~~~~~~~ + 1 be a solution. In order to verif y the ‘separation’

of the t
0
, i.e. (4.27) we observe that the equations (4.26) imply that

min (~0_ 1.t0~1) C ‘C

Suppose 
~~~~ 

S,’ ~~~ 
C 0 and 

~~~~~~~~ 
Then satisfies the equation

i.e.

£ 3/Cr— _ 0 0
a+l 2

Since t
0 

‘CO we have

- 3t
* a 0 *
t a -

2

Ibis, if two successive £.~ .r. equal, they are all equal. But that is impossible

lance

~l ’ C~~l ’C~~2

a straightfo rward inductive argument proves (4.27).

are both solutions of (4.26) • Lot

~ 0
—~~ 0

- ;
0
, W0 t0 + e .

Thqn

4.28a) vo
a O , ~~~~~~~

and

4.2mb) W0w0 
a 4 (W

~+i + 4 W0_1)w041 + 4 (w0_ 1 + 4 W011)w0_1
Let 11 be the tridiagonal matrix

t4 (wa+i + 4 w 0_1) . ~WØ~ 4 (W0_1 + } w 0~1 1

—20-
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Clearly, 11 is irroducibie. 11. will now show that

4.29) Iw~I > 4 c Iw 0~1I • IW ~ ~~

Since are of the samo sign, it suffices to show that (4.26) implies that

4.30 
~~~~ 

(I
~~~~,~~ I 

+ 1t0_11
This estima te follows immediately Iron (4.26) and the well-known inequality

* * •2 —24.31) 2t0_1t041 
C 
~0_1 +

t Nureover , since the inequality in (4.31 ) is strict unless — £,,~i we see that,
in fact,

l v i  4 (l 11~~3 I + f W ~_~ i)

and the matrix W is diagonally dominant. However , we have

thus v — a 0 (see (123 ) and the l~~~a is proven .

Let us collect these results

Theorem 4 .2 :  For z small enough, there exists (y (t ,s)} a femily of solutions of

(1.1), (1.2) with exactly j interior turning points t
0
(c), i.e.

4.32.) y ( t 0 (c) , s)  — — t ( ~~) ,  a —  1, 2, .. ., j ,

and

4.32b) 
~~~Y;

c_ 1.~) > —l

Then

4.33) t
0(c) • £~, a — l,2,...,j

Where the £ are the unique solutions of (4 26). Noreover, y (t,c) • 1(t),  a step
f~nctlon with jumps at £~, a odd, and

4.34) Y(t )  — —s,, t0_1 ~ t ‘C t
0~4~ 0 even

Also, for £ small enough , there exists (y (t,c)) a family of solutions with j

interior turning points t
0
(e) and

4.35) ~~~y (—1 ,c) ‘C —i

—21-
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and t1
() 4 £~ as above . Moreover , y(t ,c) -

~~ 1(t), a step function with

jumps at £~ . a even, and

4.36) lit) — 

~~a ’ ~a-l 
‘C e ‘C a odd .

Wemark: The results of (33 are now seen to be a special case of the above results.
- 

The number 

* 
appears there in precisely the same way as the occur above .

H
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5. 5 0 , A * i

Suppose we keep B — 0 and vary A . That is, let A — A(x) be a continuous

function of x with A(0) — 1. The question is , what h~ppens to the solutions

For example , when 0 -c A ‘C * 
there cannot be a sequence c -, 0 with

~ (t~t~) +
~~~~

Thus , that family is lost as A decreases. While we cannot give a complete discussion

of the behavior of these solutions in terms of both variables A, c. an almost 
-
‘

complete answer is given by the following observation.

Suppose (y *(t,c)} is a family of solutions of the differential equation (1.1)

on the larger interval 18Cc) ,0J with 8(c) ‘C —i which satisfy

(1) y~($,c) — — 8

(ii) -~— y ~(B c) > —1, ~~~y ($,c) < —l

and y2(t ,c) has exactly j turning points on the interval 8(z) -C t -C 0. (The
existence of such solutions is guaranteed by the discussion of Section 4.) Suppose
further that

y*(_l,c) — A .

Then , if all of the turning points actually lie in the smaller interval (—1,0), we

have obtained the aolutions we seek. As we shall see , this is essentially the only

way to obtain such solutions. This fact is the result of the following four theorems.

Theorem 5.1: Let 0 ‘C A ‘C 1, B — 0. Let j  be a fixed positive integer. Let

t3ct3.....t~,1 be the solution of

5.1) £~ — 4 ~ :l 
+ £

k l€k+1 ~ 
£ +~

) ,  k — 2,3,,...,j

5.2) 
~i 

— ~~~~ — 0 .
- 

- 
Let

5.3) 
2

Then , there exists an — c~ (A) such that for all c~ 0 ‘C c < c~, there is a solu— a 
-

-23-
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tion y(t,c) of (1.1), (1.2) which has exactly 3 interior turning points,

— 1 ‘C t1 
‘C t2 ‘C ~~~~~ ‘C t~ ‘C 0, (y(t ~ ,c) — —t 3

) and

5.4) 0 >  y ’ ( — l , c) > — 4
if and only if

5. 5) to -c
~~

i
~

Moreover, if (5.5) holds then as £ • 0+ we have

5.6) t1
(c) • —A —

5.7) t.~(c) ~ tk~ 
Ii a

While y(t ,c) • I tt) , the step function given by

3.6) Y(t) — t2k+1~ 
t2k -c t -c t2k+2~ 

k 0,1,2,... ,k

where £
~~

— — 1  and

Mote s If 3 ii even, then k is a half integer and the last interval is actually

Theorem 5.2: Let 0 ‘C A ‘C 1, B — 0. Let 3 be a fixed positive integer. Let

t1,t2,... ,t3 be th. solution of

5.9) £~ — 4 (t~_ 1 + tk 1tk4.1 + t~ 41 ) ,  A — l,2,...,j

5.10) £~ 
— — 1, £

~+~ 
— o

Then, there exists an — c0 (A) such that for all c, 0 ‘c ~ ~ 
there is a solution

y(t, s) of (1.1) , (1.2) which has exactly 3 interior turning points

—l (t1 ’•~ .’t3
’C0 (y(t3,z) — — t 3

) and 
- 

- -

5.11) y’t—l,c) ‘C —2

if and only if

5.12) ‘C A

Moreover , if (5.12) holds then as c . 0+ we have

5.13) t~(c) • ~~ A —

While y (t,c) • 1(t) where 1(t) is the step function given by (5.8).

—24—
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Theorem 5.3: Let 1 ‘C A, B — 0. Let 3 be a fixed positive integer. Let

be the solution of (5.9) with

5.14) — —A , — 0

Then , there is an c~ c0
(A) such that for all c, 0 -c c ~ c~ 

there is a solution

y (t,c) of (1.1), (1.2) which has exactly 3 interior turning points t~ (c) ,

and

5.15) 0 > y’(—l ,c) > — 4
if and only if

5.16) 1-c t1 - cO .

Moreover, if (5.16) holds then as t -. 0+ we have

3.17) t~(c) • t~, A — 1.2....,j

While y (t,z) • 1(t) , the step function given by

S.lla) 7(t) — A ,  — 1 < t t1

and

5.1db) Y(t) — —t
a
, 

~ k l  ~ ‘C ~~~~~~ A — l,2,...,k

Where k - + .

Theorem 5.4: Let 1 ‘C A , B — 0. Let 3 be a fixed positive integer . Let

t
1
,t

2
g. . .,t ~ be the solution of (5.9) , (5.10) . Let

5 19) t — _
0 2 -:

Then there exists an Lo 
a co (A) such that for all c, 0 -C c “C there is a

solution y(t ,c) which has exactly 3 interior turning points t11t2 ,... t
3 

and

5.20) y ’(— l ,c) < —2

• ~f and only if

5.21) —t0
>A  .

Moreover , if (5.21) holds t.5(c) 4- ~~ A — l, 2,...,j while y(t ,c) • 1(t), the step

function given by (5.8) .

The proofs of these theorems follow.

—25—
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Leoma 5.1: Let 0 • B ‘C A. Let Y (t .c~ ) .  C~ 4 0+ be a sequence of solutions of

(1.1), ( 1.2) which also satisfy (5.11) and have exactly 3 interior turning points

—l ‘C t1
(C~) t~ (C,~) ‘C t

3
(c,~) ‘C 0. Then the points tk (c n

) • t~ , k —

where the t.~ satisfy (5.9) , (5.10) and y(t ,c) • 1(t), the step function given

by (5.8).

Proof: This leema follows from the arguments of Section 4. The distinction is simply

that in Section 4 we have Theorem 4 • 1 to assure the existence of certain special

solutions.

L~~~a 5.2: Let 0 — B -c A. Let y(t,c ), ‘Cm + 0+ be a sequence of solutions of

(1.1), (1.2) which also satisfy (5.4) and have exactly 3 interior turning points

—1 t1C1) c ••~~ ~ t3
(c) -c 0. Then the points t.~(c~) • t.~, A a 1,2,...,3. If

0 ‘C A ‘C 1 the points t.,~ satisfy (5.1), (5.2) and if A > 1 the points t~ satisfy

(5.9), (5.14). JIor.over, the functions Y(ta4Cn
) converge to the functions 1(t)

described in Theorem 5.1 and Theorem 5.3 respectively.

Proof s As in the l~~~a above, this leema follows from the arguments of Section 4.

L s  5.3: 0 — H ‘C A -c 1. Let Y(t .c~ ) be a sequence of solutions of (1.1), (1.2)
a Which also satisfy the hypotheses of Leema 5.2. Then y(t,c) may be continued back-

wards in t ‘c —1 until Y (t.c~) crosses the curve y s —t . Let this first turning

point less than -l be called t0 (r ~ ) .  Conceivably t0 ( c )  — — for all

However, this is not the case. In fact, let t.~ be the solutions of (5.1), (5.2)

and let t
0 be given by (5.3): then

5.22) t0
(C) 4-

Proof: Since ~‘(t~c~) ‘C 0 the backward continuation of ~(t~c~) is above A for

all t 4 — 1. Therefore y(t,c) is bounded : A ‘C y (t , c) ‘C —t as lon g as y(t,c)

does not cross y I —t. Thus Y(t•Cn) may be continued backwards at least until

such a crossing .

As • 0+ we have

• — —A , t3(e) t~, Y ’(t a (t~ ) .C~ ) ‘C —3

—26— 
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Moreover,

t (c )

Y ’ (t i(Cn)i Cn
) Y 1(t

3
(C ) . C )eXP

{
~~ 

~~ 

(y2 
— t 2)dt}

2 n

Since

t ( c )

1 

1 n 
(Y2 - t2)dt > -(t 2 (c ) - t 1 (c ) ) 2

t2 ( c )  IS

vs have

5.23) IY ’(t 2 (’Cn ) P ’Cn ) I  ~ 2 exp(- 
~~ 1t2(c) - t1(c)32}

Seppose y(t ,c )  remains below —t for t. —1. Then on any finite interval

$ ‘C t ‘C t
1(c ) we would have

y(t , C )  A , 8’t~~ t1

y ’(t , c ) ~~~~o, B it~ .~ l

However, in that case, If B -C —l we have

> llm 2 ex~(- .1 (t
2
-t

1
)
2 
+ -L U - A 2

) I B f }

5~ans. if 18 1 is large enough

IY ’(B~t~)I • + .

Therefore, there must be a finite crossing t0(c ). Moreover, this argument shows

that for C~ small enough

A A 22(t — t
2 

2
1 

+ 1
1 - A

Let t
0 be any limit point of the t0 (c~). An argument similar to th. arguments

of Section 4 shows that the values t
k(c), A — l,2,...,j must converge to the

solutions of (5.9) with t
0 

a But the results of Lemma 5.2 determine the limits
of the t.~(e) . Thus, t

0 must be given by (5.3).

• Corollary: Since by constr uction , t0 ‘C -1, we have established one-half of

Theorem 5.1.
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Lies-. 5.4~ Suppose 0 — B ‘C A ‘C 1 and (5.5) holds. For every 6. 0 ‘C 6 ‘C

ther e exists an a ~(8) such that for all ‘C, 0 ‘C ‘C C ~. there is a point

T T ( C ) ,  t
0 

— 6 ‘C T ‘C t0 + 8 and a function y(t,’r,C) which satisfies - - ‘

5.24.) cy — (y 2 — t2)y’, t C 0 ,

5.24b ) y (t it ,() — .-T , y (O aT, t) — 0

S.24c) y (— 1:T ,C) — A

and y (t , r , c )  has •xactly 3 turning points t.~(c), A — l ,2 , . . . ,j  with —l ‘C t.~(c) ‘C 0.

Proof: For every 1, t0 
— 4 4 t 4 t

0 
+ 6, let T

1
,T
2
,...,T

3 
be th. solutions of

5.25a ) T~ •4 (T~~~~~ + Tk l rk+l + ‘~ +l~ ’ A •

S.25b) to — 
~~ 

a 0

since is uniq uely determined by a d  is uniquely determined by when

vs consider the equati ons (5.25a) with -r
3~ 1 given , we see that is a

sono-.one function of t~. 
- Thus , if we choose -C t

0 
and let ytt :’r 0 ,c) be a

solution of (5.24a) , (5.24b) with exactly 3 turning points and y’(r0:
’n0,

c) ‘C —1’

~~se existence is guaranteed by (a simple modification of) Theorem 4,1, then for c

sufficiently small

y(—l: n0,c) “C A and —1 ‘C t1
(c)

similarly, if t
0 ‘C 

vs will obtain (for sufficiently small) a function

y(t ,t0,c) which is a solution of (5 .24a) , (5.24b) having exactly 3 turning points and

y(—1,t
0,’C) > A, —1 ‘C t1(c)

lI*ac , there is an intermediate which solves the problem. - 
-

Proof of Theorem is In the light of Lemma 5. 2 and Lemma 5.3 it is only necessary to

establish that (5.5) is a sufficient condition to guarantee that , for c small

snouqh , there is a solution of (1.1), (1.2) whIch has exactly 3 inter ior turning

points . This result follows immediately from Lemma 5.4.

—as—

- ~~~~~~~~~~~~~~~~~~

____ ______ _____ .~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
‘

~~
—

~
---

~~
-
~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - a ,

~~~~

-

-_— - 

Ii

I
Proof of Theorem 5.2: The necessity of (5.12) follows immediately from Lemma 5.1

and the maximum principle, which implies that all solutions of (1.1), ( 1.2) satisfy

B ’ C y(t , z) C A

Suppose (5.12) holds. Let a

~~~~~~~~~~~~~~~~~~
3
~~2

• (5.26) — 
2 ‘C —l

Th. proof of Theorem 5.2 now follows precisely as in the proof of Lemma 5.4. we

~~~ose ‘C 
~— 1 ~~~ 

> t 1 and obtain the desired solutions which pass through

(— l,J~) and are very steep at that point.

Proof of Theorem 5.3: If y(t,t ) is a solution of (1.1), (1.2) which satisfies (5.15)

then it certainly can be continued backward until it crosses y I -t. The reason is

that y”(t ,~ ) c 0 between t — —l and any such crossing. Thus , moving backward

hr’(t.c) I gets smaller and y(t ,c) crosses y I —t at a value t_1(c) which satisfies

—2k + 1 4 t_1(c) ‘C —l

Purthermore, as c + 0, t_1 (e) 4- -A. Looking at these solutions and applying the

argsaents of Section 4 , we see that (5.16) must hold.

The sufficiency of (5 • 16) follows from the argument of Lemma 5.4.

The proof of Theorem 5.4 now follows the same lines as the proof of Theorem 5.3.

- — ~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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6. Pcnwsrk.

The discussion of the case when B # 0 appears to be much more d i f f icul t .  As

long as B — 0 and we enlarge our basic interval by moving to the left we may

continue to employ the theorem of kabinowits and general Stursn-Liouville theory.

1S~.n we attempt to enlarge the interval to include some positive t the linearized

equation (4.3) is no longer correct (—t # I t i )  and the general Sturm—Liouville

theory becomes more delicate, We have not attempted a complete mathematical discus-

sion of this case .

For this reason , the results of Section 3 and further computational results are

particularly interesting . The graphs which follow are computational results for

a B — 150 and the two sets of boundary conditions

6.1) A — I , ~~~ 3 0 ,

6.2) A .96, B —  .001 .

H. find the ‘CASE 5’ curves especially interesting .

Th... calculations were performed at the University of Rochester on the COC 6600.
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R m ( Y ( T ) z s 2 — ( T - 1  zm 2 t t i T ’
A: .96 B : .O O 1  R:153 .O CAS E: 1

_  -

>-
~~~~~~~

I sa 

~~ 

.‘

T I T ) ’ ’  : Rm ( Y ( T ) - w m 2 - - T — 1  ) m a 2 J m y ( T r
A :1.OO B:.000 R:150.O CASE: I

• 4.• 44 44 44 44 44 — 54 4 4
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R: .96 B :.OO 1 R:1SO .O CASE: 2

- Y E T ) ’ ’ :R m ( Y L T ) m m 2 — ( T — L ) a t m 2 I w Y ( T ) ’  
—

-
~~ R:I.OO B:.000 R:15O.O CASE: 2

- —

- I k

I
i 

4 44 44 44 

f 

- 

-

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —II _k -~~~~~ 
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~~~~~~ ~~~~~~~~
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Y L T ) ’ ’  :R m ( Y ( T ) m 5 2 _ ( T _ 1 ) m m 2 ) x y ( T J ’
A: .96 ft:.OO 1 R:150.O CASE: 3

_ -

- 
r

>-
~~~

• 4. — 44 44 ~ .4 .4 44 44

R m ( Y ( T ) m m 2 ~ ( T — 1 ) s i m 2 J m y ( T ) ’
R=1.OO B:.000 R:150.O CASE: 3

>- -

• 44 44 44 ( 44 44 44 44 44 La
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Y ( T ) ’ ’  :R m ( Y ( T ) * m 2 - ( T — 1 ) m m 2 ) . Y ( T J ’
A: .96 B:.OOI R:15O.O CASE : 4

_ I

F-

I 
• •~ .4 44 .4 44 .4 .4 44

I

Yt T ) ’ ’  = R m ( Y ( T ) m m 2 — ( T — 1  ) u m 2 ) - w y ( T ) ’
R:1.OO B:.000 R=15O .O CASE: 4

d—%

I
>- I

I ~~
-

• •4 44 44 •4 (S 54 44

I
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= R m ( Y ( T I m m 2 — ( T — 1 ) m e 2 ) ~~Y ( T ) ’
A: .96 B:.OO1 R:15O.O CASE: 5

• — ~~~ —.j .4 44

R m ( Y ( T ) m i 2 _ ( T _ 1  ) m m 2 1 m y ( T ) ’
A:1.OO 8:.000 R:150.O CASE: 5

C

H-

• 44 (4 54 .4 54 54 4 54 54 (4 54 4

I
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